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Convergence Acceleration of Viscous and Inviscid Hypersonic
Flow Calculations
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The convergence of inviscid and viscous hypersonic flow calculations using a two-dimensional flux-vector-
splitting code is accelerated by applying a Richardson-type overrelaxation methed. Successful results are pre-
sented for various cases, and a 50% savings in computer time (convergence rate is increased by a factor of 2)
is usually achieved. An analytical formula for the overrelaxation factor is derived, and the performance of this
scheme is confirmed numericaily. Moreover, application of this overrelaxation scheme produces a favorable
preconditioning for Wynne’s e-algorithm. Both techniques have been extended to viscous three-dimensional
flows and applied to accelerate the convergence of the compressible Navier-Stokes code. A savings of 40% in

computer time is achieved in this case.

Introduction

IME requirements for hypersonic flow calculations are
generally long,! especially compared with transonic flow
calculations. From the spectral analysis done by Cheer et al.?
and the one in this paper, it is noticed that the spectral radii
of the iterative matrices in hypersonic calculations are larger
than that in the transonic flow calculation. This is why the
rate of convergence in hypersonic calculations is generally
slower. Thus, the search for more efficient numerical algo-
rithms has assumed increasing importance.
Iterative methods are commonly used in computational fluid
dynamics (CFD) calculations. A typical iterative scheme to
solve a linear system, Ax = b, is given by

Xpo1 = Gx, + k

withA =M — N,and G = M 'N=( -~ M'A), k=
M~1b. G is called an iterative matrix of the scheme and the
vector sequence {x,} is said to be generated by G. If all of
the eigenvalues of G are less than unity in modulus, the se-
quence {x,} converges to the limit (or the solution) of the
scheme x*, i.e., x* = Gx* + k. The rate of convergence is
governed by the largest eigenvalue(s) of G.

Generally speaking, convergence acceleration is a trans-
formation or a black box such that when the previous iterates
Xps Xu1s - - - 5 Xu_i (With k& < n) are fed in, it produces S(x,,,
, X,_.), which is a better approximation than x,,, ,
to the solution. It has been more than 20 years since Shanks
derived his famous transformation?; since then, convergence
acceleration has developed interest of its own. As usual in
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the development of any scientific field, the first 20 years were
devoted to the basic knowledge of the subject, that is, algo-
rithms for sequence transformations and their convergence
and acceleration properties. Some researchers in Europe, such
as Delahaye and Germain-Bonne,* have raised more funda-
mental theoretical questions. For example what is possible to
achieve with convergence acceleration methods and what is
not? What can be expected and when? In other words, what
is the information needed in order to know whether a se- .
quence or a set of sequences can be accelerated? Interested
readers are referred to Ref. 5.

There are generally two main branches of this subject. One
is the fundamental theory, as mentioned earlier. The other is
the investigation of more practical and powerful algorithms.
Of course, both have to go hand in hand. As far as the al-
gorithms are concerned, there are three main sets of conver-
gence acceleration methods applied in CFD calculations,
namely, overrelaxation methods, polynomial extrapolation
methods, and conjugate gradient methods.

In the 1970s, relaxation processes assumed a more prom-
inent role in computational aerodynamics. This occurred when
Murman and Cole (1971) succeeded in computing transonic
flows on digital computers, the strength and location of the
embedded shock being automatically captured in the finite
difference mesh by extremely simply means. After that, re-
laxation techniques were applied to the two- and three-di-
mensional transonic Euler calculations.®” Young (1974) dem-
onstrated that symmetric successive overrelaxation (SSOR)
could be very effectively used with linear potential problems.

Along an entirely different line, attempts were made to
accelerate the convergence of the Euler calculation for tran-
sonic flow by extrapolation techniques such as the Aitken and
Shanks transformations. Both Hafez and Cheng®* and Martin
and Lomax'® reported some success with this procedure. In
1985, Hafez et al.!! applied the power method and minimal
residual method to accelerate the convergence rate of iterative
solutions of the Euler equations for transonic flow calcula-
tions. In 1987, Wynn’s vector g-algorithm (a handy algorithm
for Shanks transformation) was employed by Hafez et al.'2
to accelerate CFD calculations as well. More recently, Sidi'*
employed the minimal polynomial extrapolation (MPE) and
reduced rank extrapolation (RRE) in CFD calculations and
compared their performance with Wynn’s e-algorithm. All of
these methods were applied to two- and three-dimensional
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inviscid flow calculations. Eriksson and Rizzi'* introduced a
technique of using Arnoldi’s methods as a tool to analyze the
spectrum of the iterative matrix in the iterative scheme, from
which useful information could be extracted. With the help
of this spectral analysis technique, Cheer et al.? accelerated
the convergence of two-dimensional viscous and inviscid flow
calculations computed by ARC2D.**

Besides overrelaxation methods and polynomial extrapo-
lation methods, conjugate gradient methods are also applied
in CFD calculations. In the past few years, several attempts
were made to use conjugate-gradient-like methods in CFD
calculations.'®'” However, difficulties were encountered in
applying these methods to the nonsymmetric matrices that
arise in CFD. In 1985, an algorithm called generalized min-
imal residual (GMRES), which was developed in 1983, was
employed by Wigton et al.'® Unfortunately, GMRES was not
extended to viscous flow calculations.

The aim of this study is to accelerate the convergence rates
of hypersonic flow calculations. In this paper, an overrelax-
ation method and Wynn’s e-algorithm'® are utilized. The Wynn’s
g-algorithm has been successfully applied to accelerate the
convergence of inviscid and viscous flows in subsonic and
transonic flow regimes. The overrelaxation method is easy to
implement and no extra computer memory is needed. This is
why the previously mentioned methods are chosen.

The governing equations and the numerical scheme are
described first. Then a simple successive overrelaxation tech-
nique is presented and applied to accelerate the convergence
of the Steger-Warming two-dimensional flux-vector-splitting
code? applied to hypersonic flow conditions. Application of
this relaxation method yields a 50% savings in computer time
(convergence rate is increased by a factor of 2). Even faster
convergence is achieved when the relaxation method is ap-
plied along with Wynn’s e-algorithm. Finally, a so-called N-
relaxation factor is introduced and examined numerically. Ap-
plication of this new formula yields even better results. This
technique is extended to accelerate the convergence of the
compressible Navier-Stokes (CNS) code in three dimen-
sions.?!

Governing Equation and Numerical Scheme
In two dimensions, the Euler equation can be written as

aQ + axF(Q) + ayG(Q) = 0 (1)
where
P pu pv
Q= zl: ’ F= pu:)uT) P ’ G= pvgu: p
e u(e + p) v(e + p)

p is the density, # and v the velocity components in the x and
y directions, respectively, e the total energy, and p the pres-
sure given by p = (y — D[e — p(u? + v)2] with y = 1.4
for ideal gases.

The Steger-Warming flux-vector-splitting approach makes
use of the property that the flux vectors for the Euler equa-
tions are homogeneous of degree one with respect to the
primary conservation variable Q. That is, in one dimension,
we have

F =AQ @)
where A = 0F/3Q. The matrix A can be decomposed into an
A* and an A~ such that the eigenvalues of A" are nonnegative
and the eigenvalues of A~ are nonpositive in the following
way:

A=XAX"'=XA* + A)X'=A4" +4- (3)

. where the columns of X are eigenvectors of A and A is a
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diagonal matrix of eigenvalues of A. The diagonal elements
of A* are

>
I+

A

AT = 4
> @
Thus, F can be written as

F=AQ0=A"+A)Q =F + F~ (5)

In this approach, the one-dimensional Euler equations can
be approximated by

3,0 + F* + ®[F =0 (6)

where 82F* and 8/F  are backward and forward difference
operators in x, respectively.

This algorithm for two dimensions was implemented in gen-
eralized coordinates by Buning and Steger.?2 Euler equation
(1), in generalized coordinates (£, n), where £ = &(x, y) and
n = m(x, y), can be written as

3,0 + 8.F(0) + 8,6(0) = 0 (7)
where
Q=010 F=(EF+4§G0, G = (F+ 16N
J = &m, — & = Vdy, — xy8), & =y

& = ~xJ, mo=-xJ, m = —xJ
To obtain the thin-layer Navier-Stokes equations (TLNS)
in two dimensions, an explicit boundary-layer-type viscous

term G, is added to the right side of Eq. (7), yielding
80 + 0F(Q) + 8,G(Q) = 3,6, ®
where
0

n
w0k +n)u, + 3 1xtdn + 1, v,

A - 7
G, =T pi+n2)vy+ 3 Oty + 1,00,

Yk
Pr (2 +nd)e,+8

B = u[(mZ + )i + v
+ (W3)(mu + nv)(nu, + M)l

wis the viscosity, k the conductivity, and Pr = 0.72 the Prandtl
number.

First-order differencing applied to this flux-vector-splitting
approach yields a large sparse system of equations, which is
solved by means of an approximate factorization technique.>
One of the difficulties encountered in solving this problem in
generalized coordinates is that the invariance of the metric
differencing must be satisfied in order to maintain a uniform
flow solution in the absence of disturbances.? To cancel out
the metric differencing error in the solution, a simple ap-
proach of freestream subtraction is used. In this approach,
the Euler equations can be rewritten in delta form as follows:

[I+ AV A* + V, By + AHAA-
+ 0B )]AQ" = - AKSLF + BLF- + 856G+
+ Gy — ARLF + BfF- + 886G + 8LG). )
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where AQ” = O"+! — (" and » indicates that the last term
is evaluated at freestream.
Putting this into a matrix formulation yields

MAx, = —AtAx, + At (10)

or
Xn.1 = Gx, + Atk (11)
wherex =0 Ax, = AQ", G = (I — AtM~'A), and k =

M~1b.
" The matrix M is symbolically denoted by

= [ + A(VA* + VB Y|l + AAA- + AB-Y]
= (A" + 8A- + B+ + ¥ B)
b= —(8F* + 8F + &G+ + G ).

Reference 22 contains detailed information on the numerical
algorithm.

The test case in this study is a hypersonic flow over a blunt
cone. The inflow boundary is freestream with high Mach num-
ber. The strong bow shock extends to the outflow, and the
boundary condition is zeroth-order extrapolation. A no-slip
boundary condition is used at the body when viscous calcu-
lation is performed.

Richardson Relaxation and Wynn’s e-Algorithm

Various convergence-acceleration techniques have been
successfully applied to subsonic and transonic flow calcula-
tions. In this section, applications of a Richardson’s overre-
laxation-type method (RF method) and Wynn’s g-algorithm
are described. Results of these methods applied to viscous
and invicid hypersonic flow calculations are presented.

In order to calculate the relaxation factor for the RF method,
the largest and the smallest eigenvalues of the iterative matrix
need to be determined. In this study, Arnoldi’s method? is
used to reveal a subset of the eigenvalues of the iterative
matrix in the flux-vector-splitting algorithm. Figures 1 and 2
are plots of typical subsets of the eigenvalues of G. The subset
contains the largest and the smallest eigenvalues.

The following is a nonrigorous analysis using the Gersh-
gorin circle theorem? to demonstrate the reasoning. Consider
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Fig. 1 Eigenvalues spectrum, inviscid calculation: M, = 20; a = 0;
blunt cone grid 63 x 60 withs = 1 x 10~5,
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Fig. 2 Eigenvalues spectrum, viscous calculation: M. = 20; Re, =
4 X 10% a = 0; blunt cone grid 63 X 60 withs = 1 x 105,

the convergent flux-vector-splitting algorithm in one dimen-
sion. From Egs. (10) and (11), we have a five-banded matrix
symbolized as :

=1+ A(VA* + AA-)] (12)

For one-dimensional hypersoni¢ flow, only the region near
the shock value of (V2A+ + AgA ) is large. For the iterative
scheme of Eq. (10) to be convergent, the value of Ar should
be kept small or the CFL number is too large. Let the second
term of Eq. (12) be small, then a binomial expansmn can be
applied and yields

M- =[I — A(V A+ + AA)] + O(AR)
Substitute this into the iterative matrix G, we have

G=1- A(VA* + AA~) + O(AR) (13)

Now, Gershgorin’s circle theorem can be applied to Eq. (13),
indicating that the spectrum of G is expected to have the real
parts of the largest eigenvalues close to 1 and to have the
imaginary parts close to the real axis.

Consider the following linear iterative scheme

MAx, = —AtAx, + Ath (14)
or

Xpor = (I — AM~1A)x, + AtM~b (15)

Let w be a relaxation factor, such that

X\, =x, + oAx, (16)

.

where x,, is called a relaxed solution, which will be used as
an old-level solution in Eq. (14), or Eq. (15), to produce a
new-level solution. This new-level solution is then put into
Eq. (16) to obtain a better approximation of the solution.
This combination of Eqs. (14) and (16) is the relaxation proc-
ess. We are going to derive a formula for the optimal value
of w that gives the fastest rate of convergence.
Substitution of Eq. (14) into Eq. (16) yields

X = (I — oAtM~'A)x, + oM™ (17)
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Let x* be the exact steady solution and define the error vector
e,and ' by e, = x, — x* and &’ = x' — x*, respectively.
From Egs. (15) and (17),

e, = (I = AtM-'A)e, (18a)
e = (I — oAtM~'A)s, (18b)

Let G and G(w) be the iterative (I — AtM~'A) matrices and
I — wAtM~'A), respectively, and let » and Aw) be the
eigenvalues of G and G(w); respectively. From Egs. (18), and
from a simple algebraic calculation (with w = 1),

Mo) =1~ o — ) (19)

From Eq. (19), it is clear that, for all fixed o, the transfor-
mation that maps A into X(w) is linear. Thus, the largest and
the smallest eigenvalues of G are mapped to the largest and
the smallest eigenvalues of G(w) with the following real and
imaginary parts.

Real part:

Re[Mw)] =1 — o + wRe(N)
Imaginary part:
Im[\(0)] = wIm(\)

Since the imaginary parts are small compared with the real
parts in the hypersonic calculation of flux-vector-splitting al-
gorithm, as shown by Gershgorin’s cifcle theorem, only the
real parts are considered in the following derivation.

Let II(G) and =(G) be the right and the left eigenvalues
of G, respectively. Note that since only the real parts are
considered I1(G) and w(G) are real. Rewriting Eq. (19) yields

M[Gw)] = 1 - o[l — TI(G)] (20a)
7[G(w)] =1 — o[l - 7(G)] (20b)

The relaxation factor is chosen such that the following con-

dition is satisfied: II(G) = — w(G). This condition gives
2 .
R T 27HG) - 1(G) 1)

In the following, w, will be called the Richardson relaxation
factor (or RF factor). A similar formula is given in Ref. 26
for the solution of the Laplace equation.

It can be shown that, if G is independent of the iteration
n, then the relaxation wg defined in Eq. (21) is optimal. To
prove this assertion, it is necessary to show that the spectral
radius of G(w,) is less than the spectral radius of G(w) for
all possible w. Since we are only concerned with the real parts
olf the spectrum, let [II(G)|>|w(G)|. It is clear from Eqs. (20)
that

[G(@)] — M[G(wr)] = (0r — w)[1 - I(G)] (22a)

This implies that TI[G(w)] > I[G(wg)] if wg > ! that is, w,
is a better relaxation factor. Similarly,

wl(G(w)] = #[G(wr)] = (0r — w)[1 — w(G)] (22b)

This implies that |m(G(w)]|>n[G(wR)]l = N[G(wR)] if wg <
w; that is, wg is a better relaxation factor. Thus, wy is the
optimal relaxation factor. »

In order to apply the overrelaxation method with ® = wg,
II(G) and w(G) must be knowin. The value of [I(G) is ap-
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proximated by the ratio of the residues at any two levels, that
is,

[Residue at level n + 1|

I(G) =k, = [Residue at level nj

(23)

This approximation is true for linear iteration. In application,
if k, > 1, then w is simply set to 1, otherwise o is computed
from Eq. (21). However, there is no easy method by which
to approximate w(G). Since the smallest eigenvalues of G are
close to zero in the flux-vector-splitting algorithm, w(G) is set
to be zero. The relaxation factor given by Eq. (21) can then
be replaced by a simpler relaxation factor @,

6 = TG e

In Figs. 1 and 2, subsets of eigenvalues near the steady state
(large n), obtained by using Arnoldi’s method, are plotted
for the Euler and TLNS iterative matrices, respectively. No-
tice that the distribution for the TLNS case is shifted to the
right relative to that in the Euler case. The largest eigenvalues
are real with magnitude of 0.996 for the Euler case and 0.998
for the TLNS case. The smallest gigenvalues for both cases
are close to zero. This indicates that &y is close to wx. Figures
3 and 4 show that a 50% savings in number of iterations is
achieved when @y is applied to the Euler and TLNS calcu-
lations, respectively. This work is undertaken with the idea
in mind to apply the convergence acceleration strategy for
engineering purposes. Therefore, in Figs. 3 and 4, the L2
norm of residues are only dropped three orders of magnitude
from its initial value.

In addition to overrelaxation, the convergence of the it-
erative scheme is also accelerated using Wynn'’s e-algorithm,
which gives a handy way to impleinent the pth-order Shank
transformation, which annihilates the first p largest eigen-
values of the iterative matrix. This algorithm is defined by
the following formulas

e, =0, e = QO Van=0
en.y = &rf] + (sR2] — €r)/6, Vapz0 (25
where
8= (ert] — en)(eptl ~ &)
A INVISCID
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Fig. 3 History of residuals, inviscid calculation: M. = 20; a = 0;
blunt cone grid 63 x 60 withs = 1 x 10-5,
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Fig. 4 History of residuals, viscous calculation: M, = 20; Re, = 4
X 10% « = 0; blunt cone grid 63 X 60 with s = 1 x 10-5,

Here, a set of iterative solutions Q', Q?, @3, ..., Q" are
stored in e}, €3, €, ..., €}, respectively. In Egs. (295),
&3, is the same as the pth-order Shank transformation, which
is supposed to be a better approximation to the steady-state
solution. Application of Wynn’s algorithm requires an extra
storage of 2p iterative solutions. Detailed definition of the
implementation of Wynn’s algorithm is given in Ref. 19.
The result of applying the third-order e-algorithm (p = 1,
..., 6) to the inviscid flow calculations with a freestream
Mach number of 12 is plotted in Figs. 5 and 6. Figure 5 shows
the resultant L2 norm on a grid (63 X 40) whose first grid
spacing (the geometric distance between the geometry and
the first grid point off the geometry, denoted by s) is 1 X
10-3, Figure 6 presents the results on a finer grid (63 X 70)
whose first grid spacing s is 1 X 10~°. As a result of applying
the Wynn’s e-algorithm to the calculations, the L2 norm of
the residual drops very rapidly (see Fig. 5). If, however, the
Wynn’s e-algorithm is applied earlier, wiggles develop in the
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Fig. 5 History of residuals, inviscid calculation: M. = 12; a = 0;
blunt cone grid 63 x 40 with s = 1 x 10~4,
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Fig. 6 History of residuals, inviscid calculation: M. = 12; a = 0;
blunt cone grid 63 X 70 with s = 1 X 10~°.

residual, as shown in Fig. 6. Nevertheless, the convergence
is still accelerated.

Application of the linear relaxation factor changes the it-
erative matrix G to G(&g). Applying Wynn'’s e-algorithm with
and without relaxation leads to the annihilation of the three
largest eigenvalues in G(®g) and G(w), respectively. The fourth
largest eigenvalue(s) now dominates the rate of convergence
of the two iterative schemes. Comparing the results when
either relaxation (dotted line) or Wynn’s (dash line) are ap-
plied alone to the results when they are applied together
(dash-dotted line) in Figs. 5 and 6 indicates that the fourth
largest eigenvalue(s) of G(&) is smaller than that of G.

Figures 7 and 8 are plots of the convergence history of the
TLNS calculations with both the relaxation factor @, and
Wynn'’s g-algorithm. Figure 7 corresponds to the calculations
of a freestream Mach number of 19 with an angle of attack
of zero (@ = 0) and Reynolds number Re of 1 x 10°. For
this case, the relaxation factor @z is a favorable precondi-
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Fig. 7 History of residuals, TLNS calculation: M, = 19; Re, = 1
X 10% o = 0; blunt cone grid 63 x 60.
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Fig. 8 History of residuals, TLNS calculation: M. = 12; Re, = 1
X 10% a = 0; blunt cone grid 63 x 60.

tioning for Wynn’s e-algorithm (compare the residual drop of
the dashed line and the solid line in Fig. 7). Figure 8 corre-
sponds to a calculation with a freestream Mach number of 12
and an angle of attack of 5 deg. It shows that combining the
two methods yields a six-order-of-magnitude reduction in the
residual compared to that in the case in which no acceleration
technique is applied.

N-Relaxation Factor
Consider the ordinary differential equation (ODE)

% = — M“'Ax — M~'b (26)

where M and A are matrices that depend on x (M is inver-
tible), b is a constant vector, and At is a constant. First-order
differencing in time will give

Xpoy = (I — AIM~'A)x, + AtM~1b 27

where x, ., is an approximation of the solution x[t = (n +
1)Af] of Eq. (26) and G, = (1 — AtM~'A) is dependent on
n. Thus, Eq. (19) should be rewritten as

M(w) =1 - w,(1 = \) (28)

and the optimal relaxation factor of this n-dependent iterative
scheme should be like Eq. (21), except that I1(G,) and w(G,)
are now n dependent. However, it is not practical to calculate
the largest and the smallest eigenvalues of G, for each # in
terms of computer time and memory. Therefore, an approx-
imate relation between A and A(w) for fixed w is described as
follows. )

Consider the fact that, when M~'A is a constant matrix
and its eigenvalues are real, then

X, <x* <x(1) (29)

where x(7) is the solution of the linear ODE at time 7, x, is
the solution of the iterative scheme (27) with time step Ar =
7 (i.e., x, is solution obtained from one step), and x* is the
approximation of x(7) obtained from more than one time step
(note that the sum of time steps is 7). Also notice that the
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solution of the linear ODE can be written as lin;ar combi-
nation of the eigenvectors of G. Thus, Eq. (29) gives

Sdav= > doov, =D d e,
or for each component, it gives
=g = eht! (30)

where \; and v; are eigenpairs of G, and o, is unknown. For
simplicity, the subscripts will be dropped. It is noticed that,
same as eigenvalues A, o governs the rate of convergence of
the iterative scheme. We saw earlier that a relaxation process
will change the iterative matrix as Eq. (15) to Eq. (17). Repeat
the process for x and x, and obtain

14+ o - 1) = M) = o) (31
=v(w) =1+ ot - 1)

These inequalities are obtained from the assumption that M~'A
is a fixed constant matrix and x* is obtained by a series of
different time steps whose sum is 7. However, in actual cal-
culation, a fixed time step is chosen by users and M~'A4 =
(M~'A),,, which changes for every n. Suppose for large n we
can view the iterative scheme Eq. (27) as if Ar is changing
from one iteration to another and (M~'A), equal to some
appropriate constant matrix M~'A, that is,

G, = [I - A(M~1A),] = (I — At,M~'A)

Similarly, the iterative matrix of a relaxation scheme should
be

G (®) = [ — wA(M~'A),] = (I — oAt,M~'A)

Therefore, the inequalities in Eqs. (30) and (31) are still true
for actual calculation.

To approximate a(w), we look for non-negative constants
&, and ¢, such that

gw)=14+wE'"-1) -6, =1+ -1+ &,

Considering Eq. (27) and taking the truncation error of the
scheme (27) into account (since x,., = x, + At x|, +
(A#2) %|,) will yield the relation

wAIK

0‘((1)) =1+ w(e”“ - 1) + 2(—)\-—_—1—)

(32)

where k is given by ¥ = 3 ckv; v are eigenvectors of G. Note
that the subscripts are dropped. On the other hand, consid-
ering Eq. (26) with truncation error yields

o) =1+ o — 1) + ‘”Azt"" (33)
That is,
b, = wArk _ 0Ark
YT21 =AYy T2

The value of k can be determined by equating Egs. (32) and
(33), so that

-1+ w% 34)

o(w) = 1 + w(e*!

where x(A) = e*~! — A. The details are given in Ref. 27.
The relaxation in Eq. (34) indicates that, for @ > 1 and |A|,
maximum (minimum) o maps to maximum (minimum) o().
In order to obtain optimal value of w, the same hypothesis
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that was used in the RF method is employed, i.e., the largest
value (positive) of o(w) equals the absolute value of the small-
est (negative) o(w). After manipulation,

Wy

_ 2
S 2- e - DY - 2) ~ [x(m)i(m - 2)
(35)

We will call the relaxation factor given by Eq. (35) the N-
relaxation factor.

Application of w, to the TLNS calculation with a freestream
Mach number of 12 yields a 65% savings in number of iter-
ations (see Fig. 9). In comparing Figs. 3, 4, and 9, it is clear
that the application of the N-relaxation factor results in an
additional 15% savings in number of iterations. This savings
in CPU time is significant since the extra computations re-
quired in evaluation of wy are negligible in comparison.

In Table 1, the N-relaxation factor w, is compared with the
relaxation factor w,,,, which is picked by trail and error with
different values of o until the fastest rate of convergence is
observed. The values in Table 1 agree reasonably well.

Tables 2 and 3 contain values of the smallest and largest
eigenvalues of the code when a fixed relaxation factor is ap-
plied in late iteration (near steady state). These values are
obtained from Arnoldi’s method and Eq. (34). Tables 2 and
3 show how well Eq. (34) predicts in these test cases. The
results show that Eq. (34) is reasonably accurate in estimating
the eigenvalues. Furthermore, Eq. (34) allows us to compare
the rate of convergence of G and G(w). For example, for the
TLNS calculation in a grid of 60 X 63 at Mach number of
16, II(G) = 0.9853. If the value of w(G) is chosen to be
—0.1016, then Eq. (35) gives w, =~ 2.250. Using these values
in Eq. (34) to obtain II[G(w)] = 0.9670 and the ratio of the
rates of convergence of G and G(w) is

— 4G)] _
T AmG@y

i.e., the rate of convergence is increased by a factor of 1.82.
This ratio is confirmed by Fig. 10.

Figure 11 shows a comparison of the overrelaxation method
and the shifting method introduced by Saleem,? where

2, = shifting factor = — {II(G) + w(G)]/4  (36)

10!
—— NO ACCELERATION
~~~~~~ N--RELAXATION (e = 2.4)

L2 NORM OF RESIDUAL
o
i

-
o
1

w

5 . \ R ; ; ;

107% 100 200 300 400 500
ITERATIONS'

Fig. 9 History of residuals with the N-relaxation factor, TLNS cal-

culation: M, = 12; Re, = 1 X 10% a = 0; blunt cone grid 63 x 60.
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Table 1 Comparison of optimal relaxation factors obtained from
experiments and Eq. (35)

M. Wy Oexp

12 2.40 2.449
16 2.21 2.329
19 2.03 1.986

aTest case: Blune cone, 63 x 70 grid, Re = 1 x 105, Ar = 0.1.

Table 2 Smallest and largest eigenvalues obtained from Arnoldi’s
methed and Eq. (34)*

Arnoldi’s
Eigenvalues Method Eq. (34)
I[G(w)] 0.9676 + i0 0.9701 + i0
7[G(w)] —0.9486 = i0 ~0.9650 = i0

“Test case: 63 X 60 grid, Re = 1 X 10°, M. = 12, At = 0.1, ® = 2.35, [I(G)
= 0.9873, w(G) = —0.0344.

Table 3 Smallest and largest eigenvalues obtained from Arnoldi’s
method and Eq. (34)*

" Arnoldi’s
Eigenvalues Method Eq. (34)
I[G(w)] 0.9921 = i0 0.9893 + i0
w[G(w)] -0.9375 = i0 —0.9231 = i0

aTest case: 63 X 70 grid, Re = 1 X 105, M, = 16, At = 0.2, ® = 2.35, [(G)
= 0.9953, 7(G) = —0.1016.

——NO ACCELERATION
~=----N - RELAXATION, (G} = -0.1016
10-1
w
2
=
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©
'8
(=]
=
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2
N
-
102}
b \‘\
_3 L i 1 d 1 1 1 A 1 1
6*10™%00 220 240 260° 280 300
ITERATIONS

Fig. 10 History of residuals with the N-relaxation factor, TLNS cal-
culation: M. = 16; Re, = 1 X 10% o = 0; blunt cone grid 63 X 60.

For the flux-vector-splitting algorithm, this shifting factor is
applied to the left side of Eq. (9) as follows

U+ IS + A(VAY + VBN + I3 + At(AA-
+ A,B*)|AQ" = RHS [Eq. (9)]

The results plotted in Fig. 11 indicate that the relaxation factor
wy results in a faster convergence and a more favorable pre-
conditioning for Wynn’s e-algorithm than the shifting method.

Both the N-relaxation method and Wynn’s g-algorithm are
applied to a three-dimensional case using the CNS code.” The
geometry of the problem is a blunt cone. The grid is (31 X
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Fig. 11 Comparison of Wynn’s algorithm with different precondi-
tionings, TLNS calculation: M.. = 12; Re; = 1 X 10% o = 0; blunt
cone grid 63 x 34.

34 x 23) with a first grid spacing s = 1 X 107%, and the .

freestream Mach number is 15. For this case, the residual
drops very rapidly initially and then slows down considerably
(see Figs. 12 and 13). Since the problem is three dimensional,
determining the values of II(G) and w(G) is expensive. The
value of II(G) is approximated by «,, as in Eq. (23) and, based
on the eigenvalue analysis for the two-dimensional, flux-vec-
tor-splitting code (which is the only source to give an idea of
how the spectrum of the iterative matrix in the flux-vector-
splitting algorithm should look), the smallest eigenvalue is
estimated to be about —0.1. Using the N-relaxation scheme
with the earlier estimations for II(G) and w(G), a savings of
40% in the number of iterations is obtained (see Fig. 12). A
combination of Wynn’s g-algorithm (with p = 6, k = 10) and
an application of the N-relaxation factor yields even greater
savings, as shown in Fig. 13.

100 —— NO ACCELERATION
----- w, WITH 7(G) = -0.1

2 NORM OF RESIDUAL
(-]
b

L
%

400 600 800 1000
ITERATIONS'

-] L L
10% 200

Fig. 12 Convergence of CNS code with and without the N-relaxation
factor: M, = 15; Re, = § X 10% a = 0; blunt cone grid 31 x 34
x 23.
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Fig. 13 Convergence of CNS code using Wynn’s algorithm with and
without the N-relaxation factor: M. = 15; Re, = 5 X 10% a = 0;
blunt cone grid 31 x 34 x 23.
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Conclusions

By applying Arnoldi’s method of the flux-vector-splitting
code, the eigenvalue distribution of the iterative matrix is
known to have a pattern, as shown in Figs. 1 and 2. The RF
method is successfully applied to accelerate the convergence
of the iterative scheme [Eq. (11)]. Unlike Wynn’s e-algorithm,
the relaxation method can be applied in the early stages of
the iterative process. The relaxation method is also a good
preconditioner for Wynn’s e-algorithm. A new relaxation fac-
tor wy is derived and it is confirmed to have the same prop-
erties as the RF relaxation factor. In addition, w, gives faster
convergence than either the RF method or the shifting method.
Also, wy is a better preconditioner for Wynn’s g-algorithm.
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